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INTRODUCTION 
V. I. Zubov has shown (1) that Liapunov’s function, giving the domain of 
stability of a dynamical system, satisfies a certain partial differential equation. 
The method proposed by \:. I. Zubov for solving the equation can give 
Liapunov’s function only in the neighborhood of the origin. 
In this paper a new method of solution is proposed, based on the applica- 
tion of Lie series and yielding the enitre domain of stability. The singularity 
at the equilibrum point necessitates a departure from Zubov’s theory, which 
is described in the first part of the paper. In the last part the method is 
applied to a sample problem. 
1. DEFINITIONS 
Consider a group of transformations in a metric space R with a real para- 
meter. This group, characterized by the family of operators f(-, t), 
- co < t < co, is called a dynamical system if: 
(1 .I) It is isomorphic to the additive group of real numbers: 
(14 f(f(P9 tl>, &J =f(P, 5 -I- tz> 
W) AP, 0) ==I P 
(1.11) It is continuous in p and t. Thus, for every point pa E R and for 
every t, (- co < t, < + cc) one can find a 6 > 0 and a 6, > 0 such that 
p(p,p,) < 6 and ) t - t, 1 < 6, implies 
where p(p, 4) indicdtcs the “distance” bctwcen p and q in the metric 
space R. 
From (1.11) one deduces: 
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(1.11’) For every point p E R, for every T > 0, and for every E > 0, it is 
possible to find a 6 > 0 such that if p(p, q) < 6 and t << 1’ one has 
P(f, (P, Gf(4, 4) < e* 
For fixed p the functionf(p, t) defines a motion. The set of pointsf(p, t) for 
- co < t < co constitutes the trajector~~ passing through p. 
A set MC R is said to be invariant if p E M implies .f(p, t) E 31 for 
-co<<<++. 
A motionf(p, t) is said to be periodic if there exists such a number 7 that 
f(P, t + 7) = f(P, t> for any t. 
The trajectory of a periodic motion is an example of an invariant. 
An invariant is said to be asymptotically stable (in the sense of Liapunov) if: 
(a) for every E > 0 one can find a S > 0 such that p(p, M) < 6 implies 
that: 
P(f(P, 9 w < E for t 3 0. 
(b) p(f(p, t), M)-+ 0 if t -+ co. 
The domain of stability A is the set of points for which p E A implies 
p(f(p, t), M) --f 0. It is not difficult to show that the domain of stability is 
always an open set. 
2. NECESSARY AND SUFFICIENT CONDITIONS FOR ASYMPTOTIC STABILITY 
2.1. General Dynamic Systems 
THEOREM 1. Let M be a compact invariant. Let B be an open, bounded set, 
containing M together with a certain neighborhood of M and having the following 
properties : 
(a) B is contained in the domain of stability of M 
(b) There exists such a number a8 > 0 that, if p(p, B) < 8, one can find 
a T such that f (p, T) E B 
(c) If p E B\B one hasf(p, t) E B for t > 0. 
Furthermore, let 4(p) be a continuous and positive functional in R. In order for 
an open set A containing a certain neighborhood of M to be the domain of stability 
of M, it is necessary and su@cient for a functional V(p) to exist having the follow- 
ing properties : 
(1) V(p) is negative dejkite in A\& 
(2) V(p) is continuous in A$. 
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(3) W W(P, t)) I t=o = C(P) 
(4) If y $ B but q E $\A, then V(P) -+ - co if&P) -+ 0. 
PROOF OF NECESSITY. Since M is asymptotically stable, there exists 
one and only one number T(p) > 0 (cf. c) for every p E J\L) such that 
f(~, T(P)) E B\B. 
Define 
V(p) =- - j;“)$(fQ, t’)) dt’. 
Property 1 is a direct consequence of this definition. 
To show that V(p) is continuous let p, 4 E A\B. One has: 
I v(P) - v(‘(Q) I = 1 jy*’ @(f(q, t’)) dt’ - j:‘“‘@(f(P, t’)) dt’ / 
..wJ) 
= 
IJ MAP, t’)) - @MP, t’)>> dt’ 0 
- j:r:: @(f(P, t’>) dt’ / , (21.1) 
from which it follows that 
1 v(P) - v(q) I < j;‘“’ I @(f(q, t’)) - @(f(P, t’)) I dt’ 
+ s;;;; I ‘W(P, 0) dt’I. 
Given a positive number 6, since 0 is continuous, there exists an E’ such 
that 
P(P, 4) < E’ implies I @(PI - @(Q) I < 6. 
Let 4 =f(q, T(q)) be the single point of the trajectory located on B\B. 
According to (1.11) one can find two numbers, t, and l 1 , such that if 
p E S(q’, l i)* and J t 1 < tl one hasf@, t) E S(q’, E’). 
Now let 
E = B\B n S(q’, cl). 
Let U be the set of points p for which there exists a t, 1 t 1 < t, , such that 
f(p, t) E E. Also, define c2 as the radius of a sphere centered on q’ and wholly 
_..-.- -- 
* S(p, r) represents a sphere with center at p and radius Y. 
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contained in U. Such a sphere exists, because every point of E is not station- 
ary. We observe that the definition of 6s implies za < E’. 
According to (1.11) there exists such a 6 > 0 that if p E S(q, 6) then 
f(f(P, W(Q, 0) < c2 for t < W. 
Therefore, f(p, T(q)) C U and there exists a number T(p) such that 
E +. n o $Pi$P))) IfI 1 th er words,f(p, T(p)) andf(q, T(q)) are both contained 
‘) E’ . 
Putting 
At = VP) - WI) 
one has 
P’ =m T(P)), 
f(P’,f(P’, At)) < d. 
Since the expression p(p’,f(p’, dt)) is continuous in At and the set A\M 
does not contain a periodic motion, one can choose E’ sufficiently small for At 
to be less than E. 
If one lets ~1 represent the maximum value of 1 @ 1 in B\B, relation (2.1.1) 
implies 
I VP> - w:l:qYd c:+ PE. 
Thus, V(P) -+ Vq) as P + q. 
Property 4 is proven in a manner analogous to that of property 5 of Zubov’s 
theorem (cf. Ref. 1, Theorem 19). Property 3 is obviously a consequence of 
the definition of V(p). 
PROOF OF SUFFICIENCY. For every p E A\B one has 
WP, 9 > VP) > - * for t > 0. 
Thus, 
f(p, 0 E A u B. 
Moreover, p(f(p, t), B) --t 0 as t + co. Assume that this is false. Then there 
exists a number E > 0 such that 
/J(~(P, t), B) > E for t > 0. 
Since B is bounded and @ is continuous, it follows that there exists a number 
y such that 
@(f(P, t)) > Y. 
Thus, 
Tf@P 9) = VP) + j’ @(f(P, t’) dt’ I=- V(p) + yt 
0 
Jq”(f(p, q --t + * as t-4, with f(p, t) E A\& 
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Since this is impossible by virtue of property 1, it follows that there exists 
a number t, such that 
df(P, td) < h3 * 
From properties (a), (h), and (c) it follows that 
p(f(p, t), J/r)-+ 0 t -+ + ,a. 
The domain A is contained in the domain of stability of df. 
It will now he shown that A is identical with the domain of stability. For 
this purpose assume that there exists a point p in the domain of stability not 
contained in -4. Then there exist quantities t, and t, such that 
f(P* td E A 
f(p, to) E A\A. 
Let p, =f(p, ti). Furthermore, let t, be a sequence of numbers higher 
than t, and such that t, + t, as n + 03. Due to the continuity of I’ and f 
one has 
Vf (A hN - V(f (A w 
Now, 
v(f (zh tvd = VP,) + j’” @‘(f (P, t’>> dt’ 
h 
> UP,> + j LO @(f @, tf)) dt’ > - co, 
11 
which contradicts hypothesis 4. 
2.2. Differential Systems 
Consider the system of autonomous differential equations 
$f (A t) == .df (A tN, (2.2.1) 
where p, f, and g are vectors in n-dimensional Euclidian space. 
If the vector function g(p) is continuous and bounded in the whole space, 
the function f (p, t) will exist for every value of p and t and will thus define 
a dynamical system (cf. Ref. 2). 
Without restriction of generality it may be assumed that the equation 
admits the trivial solution p = 0. The point p = 0 thus constitutes an inva- 
riant, and in the case where the latter is asymptotically stable the preceeding 
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theorem permits the calculation of its domain of stability. The application 
of this theorem requires the determination of B, a neighborhood of the origin 
entirely contained in the domain of stability. Such a neighborhood can be 
obtained by using the second method of Liapunov (Ref. 1): 
If the system (2.2.1) remains stable neglecting the terms of order higher 
than the first in the development of R about the origin (linear stability), it is 
always possible to find a quadratic function Q(p), by use of the method 
developed in Ref. 3, which is positive definite such that 
grad Q(p) * x(p) C: 0 
in a certain neighborhood V, of the origin. 
Every ellipsoid defined by Q(p) = c ( c is a constant) and wholly contained 
in V, delimits a domain B satisfying the conditions of Theorem 1. 
In order to avoid the singularity of I’ on the boundary of the domain of 
stability we introduce the transformation according to 1’. I. Zubov: 
V* = ln(1 + 17). 
One sees that the domain of stability is determined by the equation 
v*=-1, 
where V* is the solution of 
dV* 
- = (1 + V”)W> dt 
with 
$f=u(f). 
The asterisk will be suppressed from now in order to simplify the notation. 
One will note 
and 
z = (x1 )..., 2, , Z,LJ = (x1 ,..., x, ) V). 
3. SOLUTION OF THE EQUATION OF THE DOMAIN OF STABILITY 
3.1. Explicit Form of V(f(p, t)) 
Using the linear operator 
(3.1.1) 
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where e,(z) are indefinitely differentiable functions of the variables zi , one 
defines a LIE-series as follows: 
etDz ;= f f D(Y)(z) = 2 + + D(z) + $ oQ)(x) -1 .-- . 
“Cl) v. 
(3.1.2) 
There exists a number T > 0 such that 
F(2, t) = eV(2, 0) for ; t i < T. 
This is the case for any indefinitely differentiable function F(s, t) of the varia- 
bles Zi (cf. Ref. 4). 
Consider the differential equation 
Jg = (1 + V) rp. 
One can write 
Vi%4 9) = etDVf(Py 0)) for ( t i < T. 
Differentiating, one obtains 
; Vf(P, t)) = P DW(P, 9) = (1 + W(P, 9)) @(f(P, t>> 
On the other hand, the operator D is given by 
D = evV(f(~, OMA 0)) $ + e,P’(f(~, Wd.?‘, 0)) & 
according to Eq. (3.1.1). 
Using the relation 
G(e%) = etDG(z), 
one has 
&4uf(P, W(P~ 4) = 11 + W(P, t)>> @(f(P> t>>, 
according to Eq. (3.1.5). 
Using Eq. (2.1.1) one has in the same way 
wwp~ w-(h t)) = gw, t)). 
Thus, 
a c 
D=(l+v)b~+g$. 
(3.1.4) 
(3.1.5) 
(3.1.6) 
(3.1.7) 
(3.1.8) 
(3.1.9) 
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The analytic solution is fully determined if one can calculate W’) explicitly. 
This is possible in general since D(“) can be expressed in terms of recursion 
relations (cf. Eq. 3.1.2). By means of analytical continuation one obtains the 
functions 
V = e-tDV(f(p, 0)) (3.1.10) 
f = e-tDf ($4 0) with p E B\B (3.1.11) 
for every value of t. 
Eliminating p and t between Eq. (3.1 .11) and the equation which deter- 
mines B\,B one obtains the desired domain by USC of the equation 
V(f) - 1 =o. 
3.2. Application to Faulkner’s System of Differential Equations 
Consider the system due to J. E. Faulkner (see [5], p. 344): 
dr 
z= 
-10x-y+4x2+2xy+4y2 
dx 
x = 6y - 2y2. (3.2.1) 
Prior to treating this problem, note that D (“) has the following properties: 
D’“‘(f@) +f,(x)> = D’%(x) + Wfd~) (3.2.2) 
D’“‘(f44 *f&4) = i (1) WV&N (CD’“-“!f&N (3.24 
ar=o 
Equation (3.1.4) takes the form 
and 
$ = (1 + V) (x” + y2) (3.2.4) 
where 
W(t), r(t)) = etDWPh Y(O)) for I t I B T (3.2.5) 
with 
D(u+Uv = i ii) (L>C%)(l + v)) . (D(v-a)(,x2 + r2)) (3.2.6) 
a=0 
D’-=)(x2 + y2) = z (’ ; “) (( D(“x) (D(“-a-()x) + (D’f’y) (D’y-a-“)~)). 
(3.2.7) 
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Making use of the differential Eqs. (3.2.1) one can write 
+ 4 i (“;) ((D(+g (D(-‘x) -,. (D(T’y) (D(u-“Y)) 
r-u 
-j- 2 f !‘;) ((D”‘.r) (D’“-“Y)) 
T=O I 
DLU'I'&T =; fjp’y - 2 i (",j ((D("4') (D(u-"y)). 
r=lJ 
The set &B was estimated by use of the method proposed in Chapter III, 
Section 13 of Ref. (3). It is composed of points satisfying the equation 
4,9x2 + 0,8xy + 2,9y2 = 0,0219. (3.2.9) 
The domain of stability was obtained with the aid of the program Natacha, 
written in Fortran for the CDC-1604A. 
In the example above, the exact domain is given explicitly by the equation 
(x-*y+y2= 1. (3.2.10) 
Results obtained from the program were found to agree with the equation 
above within an accuracy of 10-a. 
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